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A Modified Goodness of Fit Tests for Type 2
Censored Sample from Normal Population

Hala .M. A. Aboalliel

Abstract— In this paper we consider nonparametric
procedure for assessing a new modified goodness of fit
technique for the normal distribution from type 2 censored
samples. Sample sizes are chosen 10(10) 60 censored at the
order statistic, r=0.6n. Goodness of fit tests based on the
empirical distribution function are used, which are the Cramer
von Mises CvM test and the Anderson Darling AD test. The
critical values for the tests are generated. The power of the tests
for various alternative distributions is computed.

Index Terms— Goodness, nonparametric.

I. INTRODUCTION

An important problem in statistics is to find information
about the form of the population from which a sample is
drawn. Goodness of fit tests are given for the normal
distribution with unknown mean and unknown variance from
type 2 censored samples. We use the modified Cramer-von
Mises (CvM) and Anderson-Darling (AD) goodness of-fit
tests.

A Monte Carlo procedure is used to develop and
compare the modified goodness-of-fit (GOF) tests from
censored samples. Critical values for different sample sizes
n are generated. Sample sizes are chosen 10(5)60 (i.e.
sample sizes started at n=10 and ends at n=60 with a step of

5) censored at the r™ order statistics where r = 0.6xn
for example at sample size 25, r=15.The modified CvM and
AD test statistics are calculated for the given values of n,
this procedure is repeated 10000 times for each test statistic.
These 10000 values are then ranked, and we find the 80%,
85%, 90%, 95%, and 99% quantiles. These quantiles
approximate the critical values for respective significance
levels of 0.20, 0.15, 0.10, 0.05, and 0.10, for each test.
Tables of critical values, for the two modified test statistics
from type 2 censored samples for the normal model are
found. Also the power study of the modified tests to
compare the efficiency of the CvM and AD tests under
different conditions is discussed.

Il. THE NORMAL DISTRIBUTION

The normal distribution is without a doubt the most
important and most widely used continuous probability
distribution. It is the fundamental bases of the
application of statistical inference in analysis of data,
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because the distributions of several important sample
statistics tend toward a normal distribution as the sample

sizes increases.

The probability density function of the normal
distribution is given by
f () = — 2
oN2r1

~0<X<w , o< u<w , 0.>0
(2-1)
the parameters 4 and 02 are the mean and variance,

respectively, of the normal random variable X.
If we have the ordered

X(l) ,X( 2) 1 X( n) of a normal random sample, and

observations

some of these observation are missing, the sample is said to
be censored. At the r™ order statistics, if all the
observations less than X, are missing, then the sample is
left-censored or type 1 censoring, and if all the observations
greater than X( r)are missing, it is right -censored or type2

censoring. We consider the case of type 2 censoring i.e. if
X(l) < X(z) <..< X(r) be the available observations in

a sample of size n.

Maximum likelihood estimates are complicated to
calculate and percentage points of the test statistics for finite
n appear to converge more slowly to the asymptotic points
when these estimates are used (D’Agostino and Stephens
1986). Gupta (1952) suggested estimates of (/ and O

which we used here, these are linear combinations of the
available order statistics

= r
L= 3 bixgy
=1

x

r
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and M is the expected value of the i-th order statistic of a sample of size n from the standard normal distribution and where
r mi
m= Z — . Values of M; are tabulated or can be well approximated by Blom(1958):
i=1 T
i—0.375
m, = O ——= (2-3)
n-0.125

— * *
where @ 1() the inverse C.D.F of the standard normal, and the estimates 4 ,0 have been shown to be

asymptotically efficient (Ali and Chan 1964). These estimates are the same as those obtained by least squares when Xj is

regressed against Mj ,1 = 1,...,F (D’ Agostino and Stephens 1986).
I1l. GOODNESS OF FIT TEST STATISTICS FOR TYPE 2 CENSORED DATA

Goodness-of-fit tests (GOF) measure the degree of agreement between the distribution of an observed data sample
and the theoretical statistical distribution.

A goodness of fit test based on the empirical distribution function (E.D.F), where the parameters are estimated is
called a modified goodness of fit test.

E.D.F statistics are based on the vertical differences between the empirical distribution function Fn ( X) and the

theoretical statistical distribution F( X ) and they are divided into two classes, the supremum class and the quadratic class.
The supremum statistics class:

This includes, D+ and D defined as:

Dt = supy{F,(x)=F(x)}.and D™ = supy {F(x) - Fn(x)}.
the most well-known EDF statistic is D , introduced by Kolmogrov (1933):
D = supy|Fn(X)—F(x)=max(D",D7).
A closely related statistic V, given by Kuiper (1960),which is defined by:
V=D"+D"

The quadratic statistics class:
A second and wide class of measures of discrepancy is given by the Cramer-von Mises family

Q=n [{Fa(x)= FOOPP()F(x) @

where  ¥/( X)is a suitable function, which gives weights to the squared difference {Fn(X)— F(X)}Z. When

Y(X)=1 the statistic is the Cramer-von Mises statistic CvM denoted by W 2, and when ¥(X)=
[{F( X )}{( 1-F(x ))}]_1 the statistic is the Anderson-Darling

We will define the goodness of fit test statistics for type 2 censored data. First for a specified sample of the normal
population of size n, we have the ordered statistics X( 1) < X( 2) <..< X( r) and suppose the distribution of x is F(x),

based on these sample the probability integral transformation be defined as follows:
2(iy = F(X(iy) (3-2)
which is itself censored i.e. Z(l) < 2(2) <..< Z(r) with Z( r) the largest and r fixed.
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2 WWW.Wjrr.org



https://doi.org/10.31871/WJRR.14.5.7 World Journal of Research and Review (WJRR)
ISSN: 2455-3956, Volume-14, Issue-5, May 2022 Pages 01-14

Then the Kolmogrov-Smirnov(K-S) and Cramer-von Mises (CvM) statistic tests for type 2 censoring defined as the
following:

1- The Kolmogrov-Smirnov statistics DT,D”, and D:
The Kolmogrov-Smirnov statistic, modified for type 2 censored data is 2 Dr1n, calculated from the EDF

Fn ( Z ) of the ordered z-values:
:Dro = sup |F\(2) 7

r.,n
0<z<z(y)

= max(D*,D‘)

I<i<r

= max ! 7,2 -1
©wisr | n = n

i—0.5 0.5
= max|—— -z, |+ —
1<i<r n n

+

2- Cramer-von Mises Statistics:
A second group of statistic for censored samples is the general Cramer-von Mises type. Pettitt and Stephens (1975)

introduced versions of the Cramer-von Mises 2Wr2’n , Watson 2U r2’n and Anderson-Darling 9 Alen statistics,
obtained for type 2 censored data by modifying the upper limit of integration in the definition of these statistics, given
Ly < Z(g)se- < Z(yy the formulas are

d 2i—1Y r n r’
We=> 24 - |+ |z ——1, 3-3
Zrn il( O 2n j 12n° 3( ) nj i

oA, = _%i(Zi —1)[|Og Ziy — |0g{1— Ly }]_ Zi:IOg{]-_ Z(i)}

1
——[(r —1)? Iog{l— z(i)}— r*logz,, + nzz(,)] (3-4)
n
, 2
U2 =W232 —-nz L_ﬂ_r_z 3.5
2~rn" 2% rn (r)|:n 2 nZ(r) ( )

r
where Z= ) Z(i)/l’;
=1
To this point, an approach depending on the replacement of the E.D.F by the nonparametric denstiy is used. In
equations (3-3) and (3-4) the expression of the EDF will be replaced by

A 18 X=X
F(X) :EZCD( - 'j (3-6)
i=1

where F(X)is the cumulative distribution function C.D.F of the nonparametric kernel estimator f(X) for the normal
density f(X), @ (x) denotes the C.D.F. for the standard normal distribution, and h is the bandwidth and will be take
h=1.06 (Silverman 1986). The kernel estimator based on a random sample X, , X,,..., X,, from the normal population with

density function f(X) is defined as:

f(x)zn—lhiZ::K[X_hX‘j vV xeR (3-7)

where the kernel function K is a symmetric probability density function on the entire real line. We use the nonparametric
kernel estimator with the Gaussian kernel, which will be defined as:
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IV. CRITICAL VALUES

Critical values for the modified goodness-of-fit tests are generated using Monte Carlo procedure. Lilliefors (1966) first used
this approach to find tables of critical values for a modified Kolmogrov-Smirnov (K-S) test for the normal distribution with
estimated mean and variance. And for the exponential distribution with unknown mean, Lilliefors (1967) were introduced with

a study of the power of the test, which showed that the modified K-S test had higher power than ;(2 -test for the normal case.

Tables of critical values for the modified K-S, CvM and AD statistics using Monte Carlo(M.C) techniques for the extreme
value distribution where the MLE for the parameters is used are derived in a paper by Littelle et al. in (1979).

Tables for the percentage points for the modified K-S, AD and CvM statistics for the gamma distribution are derived in
Woodruff et al., (1984).

Modified goodness of fit testes for the inverse Gaussian distribution were done by Gunes, Dennis Dietz, Auclair and Moore
(1997), also a modification of the Kolmogrov-Smirnov test for the Erlang-2 distribution is given by Neil B Mrks (1998).
Choulakian, Lockhart and Stephens( 1994) developed the Cramer-von Mises statistics for use in testing the discrete
distribution and gives tables for tests for the discrete uniform distribution.

The Technique And The Result

The Monte Carlo procedure for this application was divided to 3 basic stages, the first stage contain the critical values
determination, the second stage determine the power performance of the two modified test statistics, and the third stage contain
the power comparison.

Stage |
Critical values determination:

The procedure is as follows: Suppose the sample is censored (type 2), and H 0 is

H 0 : the censored sample Xy < X 5y... <X, comes from the normal distribution F( X ) , with unknown mean and
unknown variance.

The following steps are performed for the null hypothesis:

Step 1
A sample of n normal random varieties X, X,,..., X, is generated from the normal distribution with mean 100 and variance

10, n takes the values 10(5) 60 using the RNNOR routine from IMSL library with initial seed to generate the uniform random
number.

Step 2

The random varieties are converted to order statistics by sorting them in ascending ordered, then the ordered sample is

censored at the rth order statistic, where r =0.6xn

Step 3

The normal parameters ,u* and o are obtained using equation (2-2) .
Step 4

Find W, = {x(i) —y*}/a* i=12,.r.

Step 5

Calculate Z(y = D(W,) where CD() is the standard normal C.D.F.
Step 6

Find a continuous nonparametric fit F (X) as in equation (3-6).

Step 7

The modified Zan, ZA,Z’n test statistics are calculated by substituting the Z, , I =1,2,...r values and the nonparametric fit
If(x) in place of the E.D.F in equations (3-3) and (3-4).

Step 8
Steps 1-7 are repeated 10000 times to generate 10000 independent test statistics for each type.

Wi
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Step 8
For each type of test, the 10000 statistic are ordered. We find the percentiles 80" ,85",90" 95" and 99", the pth
percentile is defined by:

10000
i- The (k+1)th largest sample point if (TOpJ is not an integer (where k is the largest integer less than ( 100

10000 pj

ii-The average of the M thand M +1 [th largest observations if Mj is an integer. These
100 100 100

percentiles approximate the critical values for respective significance levels « of 0.20, 0.15,0.10, 0.05, 0.01.
Stage 11
The test performance under H, for the derived critical values:

The following steps are performed for the null hypothesis:
Step 1
A sample of n normal random varieties X, X,,..., X, is generated from the normal distribution with mean 100 and variance

10, n takes the values 10(5) 60 using the RNNOR routine from IMSL library with different seed to generate the uniform
random number.
Step 2

The null hypothesis H 0 is assumed and steps 2-7 of the critical value generation procedure are performed to compute values
for the CvM and AD test statistics.

Step 3

The corresponding power study for the hypothesis is conducting under HO and the power is computed. The test shows powers,

which were reasonably close to the ¢ -levels.

Stage 11
Power Comparison:

The power of a statistical test is the probability of correctly rejecting a false null hypothesis. In our case, the null hypotheses
( HO )is the censored sample Xy < X, <... <X, comes from the normal distribution. The alternative hypothesis

(H,) is that the sample follows some other distribution. The following alternative distributions are considered:

° : Uniform over the range 0.0 to 1.0

o : Chi square with 1 degree of freedom

° : Chi square with 4 degree of freedom

: Negative Exponential

: Double Exponential
: t-student distribution with 3 d.f.

Hl
H2
H3
H4
e H. : Cauchy
H6
H7
Hg : Logistic distribution
H9

: Normal distribution .

The sample size n is varied from 10 to 60 with increments of 5 censored at I’th order statistics such that r =0.6xn, and the
significance levels « , again include 0.20, 0.15, 0.10, 0.05 and 0.01. For each distribution.

The following steps are performed:

Stepl
A sample of n random varieties is generated from the selected alternative distributions.

Step 2
The null hypothesis H 0 isassumed and steps 2-7 of the critical value generation procedure are performed to compute values

for the CvM and AD test statistics.
Step 3

For the given distribution and significance level &z, H, is rejected if the test statistic exceeds the corresponding critical

value.
Step 4

Wi
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Steps 1-3 are repeated 10000 times to generate 10000 independent sets of test statistic values.

Step 5
The power of each test is obtained by counting the number of times H, is rejected and dividing by 10000.

Results
The results are shown in the following tables. The tables give the critical values for both cases when the CvM statistic is used
and when the AD statistic is used. The tables also show the power of both tests for different sample sizes.

Thus this application defines a new modified goodness of fit test, both the CvM and AD statistics are used. The critical values
are derived by Monte Carlo experiment. Then the power of the test for the case of the CvM and AD is obtained when the
underlying distribution is normal. This power shows a value which is close to the significance level. The test is then performed
against each of the nine different alternatives. The power for the different distributions using the modified CvM and AD
statistics shows an increasing power when the sample size increase the two tests discriminates all other distributions with high
powers except for logistic and the normal, the modified test using the AD statistic gives better power than the test based on the
CvM statistic for different alternatives.

Critical Values for the New Suggested Test for Censored Normal at Censored ratio 0.6 with Sample Size = 10 (5) 60
(Using CvM) (at Significance Levels .2,.15,.1,.05, 01)

6 WWW.Wjrr.org



https://doi.org/10.31871/WJRR.14.5.7 World Journal of Research and Review (WJRR)
ISSN: 2455-3956, Volume-14, Issue-5, May 2022 Pages 01-14

Power of Tests for the Censord Normal at Censord ratio 0.6 for Sample Size = 10 (5) 60 (Using CvM) (at Significance
Levels .2,.15,.1,.05, Ol)

Power of the test for censored normal with sample 10 censored at 6 (Using CvM)
(Normal against one of the following')

Unif.=Uniform  Ch(k)=Chi square with k d.f  Exp.=Negative Exponential
D.E.=Double Exponential t(3)=t-student distribution with 3 d.f.

Power of the test for censored normal with sample 15 censored at 9 (Using CvM) (Normal against one of the
foIIowing')

Power of the test for censored normal with sample 20 censored at 12 (Using CvM) (Normal against one of the
foIIowing')

7 WWW.Wjrr.org
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Power of the test for censored normal with sample 25 censored at 15 (Using CvM) (Normal against one of the
following:

[ slgn e [ ot o [T ch —m

m“ml :Ioglstlc m

Power of the test for censored normal with sample 30 censored at 18 (Using CvM) (Normal against one of the
foIIowing')

Power of the test for censored normal with sample 35 censored at 21 (Using CvM) (Normal against one of the
foIIowing')
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Power of the test for censored normal with sample 40 censored at 24 (Using CvM) (Normal against one of the
foIIowing')

Power of the test for censored normal with sample 45 censored at 27 (Using CvM) (Normal against one of the
foIIowing')

Power of the test for censored normal with sample 50 censored at 30 (Using CvM) (Normal against one of the
foIIowing')
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Power of the test for censored normal with sample 55 censored at 33 (Using CvM) (Normal against one of the
foIIowing')

Power of the test for censored normal with sample 60 censored at 36 (Using CvM) (Normal against one of the
foIIowing')

Critical Values for the New Suggested Test for Censored Normal at censored ratio 0.6 with Sample Size = 10 (5) 60
(Using AD) (at Significance Levels .2,.15,.1,.05, 01)
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Power of Tests for the Censord Normal at Censored ratio 0.6 for Sample Size = 10 (5) 60 (Using AD) (at Significance
Levels .2,.15,.1,.05,.01

Power of the test for censored normal with sample 10 censored at 6 (Using AD) (Normal against one of the following:)

mmm—m

T T EMI iogistic | __NORMAL |

Power of the test for censored normal With sample 15 censored at 9 (Using AD) (Normal against one of the following:)

Sign Level Un|f Chi(1) Ch|(4) Cauchy

““I Ioénstnc [ NORMAL__]

Power of the test for censored normal with sample 20 censored at 12 (Using AD) (Normal against one of the following:)

mi Unif. i Chi(1) | Chi(4) i i Cauchy
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! Slgn Level D E. t(3) logistic NORMAL

Power of the test for censored normal with sample 25 censored at 15 (Using AD) (Normal against one of the following:)

[ Sionteer I un [ chiw I chig |

Slgn Level EMI iogistic | ___NORMAL |

Power of the test for censored normal With sample 30 censored at 18 (Using AD) (Normal against one of the following:)

Sign Level Un|f Chi(1) Ch|(4) Cauchy

T T EMI iogistic | ___NORMAL ]

Power of the test for censored normal with sample 35 censored at 21 (Using AD) (Normal against one of the following:)

m| Unif. [T chio T chid I [ cauchy

! Slgn Level D.E. t(3) Ioglstlc NORMAL
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Power of the test for censored normal with sample 40 censored at 24 (Using AD) (Normal against one of the following:)

! Slgn Level ! Unif. ! Chi(1) ! Chi(4) ! ! Cauchy

T T EMI iogistic | __NORMAL |

Power of the test for censored normal with sample 45 censored at 27 (Using AD) (Normal against one of the following:)

I Sign Level | Unif. i Chi(1) | Chi(4) i i Cauchy

! Slgn Level D.E. t(3) Ioglstlc NORMAL

Power of the test for censored normal with sample 50 censored at 30 (Using AD) (Normal against one of the following:)

[ signtove | S Lo A MI Chi4) —m

mi DE___ [ 1© [ ogsic [ norwaL ]

Power of the test for censored normal With sample 55 censored at 33 (Using AD) (Normal against one of the following:)

Slgn Level Unlf Chi(1) Ch|(4) Cauchy
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! Slgn Level ! D.E. ! t(3) logistic ! NORMAL

Power of the test for censored normal with sample 60 censored at 36 (Using AD) (Normal against one of the following:)

[ signtove | S Lo A ml Chi4) —m

mi DE____ [ 1© [ ogsic T norwaL ]
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