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Series of New Divergence Measures and Relation to
Other Well Known Divergence Measures
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Abstract— There are several types of divergence measures
used in measuring the distance or affinity between two
probability distributions. In this paper we derive some families
of divergence measures using properties of convex function f,
defined on (0, ») and Csiszar’s f-divergence measure. Some
relations among new and other well-known divergence
measures are also obtained.
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Csiszar’s

I. INTRODUCTION

Let I'n ={P = (p1, P2, p3,-..Pn): P> 0.2  pi = 1},n>2

Be the set of all complete finite discrete probability
distributions.  Csiszar’s [1], given the generalized
f-divergence measure, which is given by

G (P, Q=Y qif (H)...(L.1)

qi
Where f: (0,00) — R (set of real numbers) is real, continuous
and convex function and P, Q € I'n. Many well-known
information divergence measures can be obtained from this
divergence measure by defining the convex function f. some
of those are as follows
*  Chi-square divergence (Pearson [2])
—q:)2
2 (P,Q) = Ty T
*  Puri and Vineze divergence (Kafka, Osterreicher
and Vineze) [5]

—pg.)2m
Am(P,Q) = ?zl(;f’;qi% m=1,23 .. (13)
Where
—q)2
AP,Q) = Ti, T (L4)

Triangular discrimination, is a particular case of (1.3) at m
=1

* Harmonic mean divergence [3]

H (P, Q) = Zi; 2L (15)

* Jain K.C. and Saraswat R.N. [4]

a0 k+ 1 —n )2
R (P.Q) = i, 21 cxp{"“p;l) };k= 1,3,5,... (1.6)
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*  Hellinger Discrimination [ 6]

h(P.Q)=1-BP.Q = X/ = V@) e (I7)

WhereB(P,Q) = X1 /DiGi-vvevvnevmninnnn. (1.8)

is known as Bhattacharya divergence measure[7 ]

*  Variational Distance [2 ]

V(P.Q)=X"1lp; — ql e (1.9)
In whole paper, we shall consider new function which is a
convex and normalized. We shall derive some new
information divergence measures in the terms of exponential
function. In next section, we shall derive relations among
new information divergence measures and well establish
information divergence measures.

Il. NEW INFORMATION DIVERGENCE MEASURE

In this section we shall find out the new information
divergence measure with the help of the following convex
function.

Let us consider the function

f:(0,0) > R Suchthat
-1 2k +2
fe®) = S — k=123 2.1)
Then
, 2(t—1 2k +1 k
filt) = T 2.2)
. 2(t—1 2k k 2 k2 k
Andf; (t) = 2O (2.3)
The function fir(® is convex , since

fi(®=0Vt>0;k=1,23,....
And normalized also since f(1) = 0
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FIGURE:1
Figure 1. Shows the behavior of the function f;, (t), is always canvex ifk =1, 2, 3 ...... vt > o.

Applying Csiszar’s f divergence properties on equation (2.1), we get

M o \2k+2
Ji(P,Q) = Z% ik=1,2,3, .. (24)
i=1 pi4q

i

Divergence measure J; (P, Q) is non-symetric divergence measure since

Je(P. Q) #Jg Q. P) ... (2.5)

Now, from equation (2.1) fork=1,2,3,4,5 .....ccce.e... , we get the following convex functions
(t—1)* (t—1)° (t—1)8 (t—1)1°
fi(®) = t—z,fz(f) = t—4:f3(t) =" a(t) = T
We know that, sum of convex functions is also a convex function
ie.
Cifil) + Cofp (1) + C3f5(t) + +Cufa () + v ve v
is also a convex function, where Cy, C,, C3,Cy, ... .. ... are arbitrary positive constants andat least one C;i(i=1,2,3...) is not
equal to zero.
Now,
i=1
_14 _1)6 _1)8 _1y10
=F0=0+ S+ v oS (2.6)
. 1 1 1
TaklngCl = 1, Cz ZF ,C3 = Z,C4_ = ;,
Then
RGN t-1°% 1(-1D% 1@-1DY
Fl(t) = 1. 2 + 1. p” + E 76 5 8 + -

(t —1)* E-1D2\" 1/¢-12\ 1/¢-1)?\
T [1+<t—2)+5( t2 )+§< t2 >+

—14 —_1)2
= F () = Gl exp{(ttzl)} ........ 2.7

t2

Now, for (2.7), Divergence measure of Csiszar’sf-divergence class

W
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LY g2
Ji(P,Q) = Z(p‘p 9) exp{(p‘pzq‘)} ...... (2.8)

2
= P i

Next, taking

We get
t—1)° t—1)2
Rt = "Fep{SEL 29

Hence, Divergence measure of Csiszar’s f divergence class

" (p: — )b )2
J3(P,Q) = Z(plp '4;"1) exp{(plpqu)} ...... (2.10)
=1 v

i

Similarly, by appropriate selection of constants, we get the following convex functions

_ 1\2k+2 _1)2
F(t) = « ;Z exp {(t 2 )

And the corresponding series of divergence measures of Csiszar’s of divergence class

X C (i — Qi)2k+2 (v — qi)z
Jr(P,Q) = ; 7, exp{ . } ...... (2.12)

} ik =1,2,3, . (2.11)

L
k=1,2,3,4, i
Further F, (1) = o, so that J;(P,P) = 0 and the convexity of the function F,(t) ensure that the measure J; (P, Q) is
non-negative.
Thus we can say that the measure (2.12) is non-negative and convex in the pair of probability distributions (P, Q) e I',.. Since

= (p; — q.)* —g.)?
Ji(P,Q) = Z(prZ(;IL) exp {(pl pqu) }...(2.13)
=1 ¢ i

n (pi— qi)° (i — a1)*
.= ) " pig, e"p{ 2

i=1

J5(P,Q) = Z(p;)ﬁ;l) exp{(plplqu)} ...... (2.15)
i=1 t

i i

i

And so on.

I1l. SOME OTHER NEW INFORMATION DIVERGENCE MEASURES

In this section, we shall derive some new divergence measures using the property of convex functions, since the sum of
convex functions is again a convex function, therefore we have the following convex functions

(t-1)4 +(t—l)6 — =1*(2e?-2t41)

= " S RETTTr (3.1)
(t-1)° L(17—1)8 _ (¢t-1D6(2t2—2¢+1

= e2et) (3.2)
-8 L(13—1)10 _ (t-D8(2t2-2t+1

=0 e e (3.3)
...and so on

As a result the following Divergence measures of Csiszar’s f-divergence measure

Wi
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Y (2p 2-2p,q;+42
J(P,Q) = &) (Z’;‘i4qj”‘q‘”1) ........... (3.4)
Yo(2p 2—2p,q;+q2
Jo(P,Q) = &t (z:;%qjqul) e (35)
_ 2
J5(P, Q) = #0 (2’;1[8:’”‘“” Do (3.6)
...S0 On.

Similarly we can generate various other series of Divergence measures using the properties of convex functions.

IV. RELATION AMONG NEW AND OTHER WELL KNOWN MEASURES & NEQUALITIES.

In this section we will drive some equations and inequalities relatingjx (P, Q) (for the Case k=1, k=2 with the divergence
measures (1.2), (1.4), (1.5) and (1.6).

Next,

From (2.8), we get

C (ri — %)4 {(Pi - %)2}
Ji(P,Q) = exp
; P as P!

_ i (i — q))* (Pi + Qi)> ((Pi - %)2) exp {pi - Qi)z}]
- (i + a) \ pig . b p?

L

_vn  @i—9)? 2y pitdq; n @i—q)? i—q9)?
DN i=1(55 ) Zisi———exp >
(pi+q; pPiqi Di Pi

Now, using (1.4), (1.5) and (1.6) (for K=1), we get

Ji(P,Q) = A(P, Q). .R; (P,Q)........ (4.1

H(PQ)

AndJ; (P, Q) = V2(Q, P).
“1V2(P,Q) <A P.Q)

H(p Q) R;(P, Q) ...... (4—2)

2
"HP,Q)°
“A(P, Q) < x* (Q,P)

Ji(P,Q) < [x¥(Q,P) + x1(Q, P)]. Ri(P,Q) ... (44)

2
H(P,Q)"
= A(P,Q) < x£(Q,P) + x{ (Q,P)

2
Ji(P,Q) = 4h(P,Q). PO R;{(P,Q) ....(4.5)
w2h(P,Q) <A (P, Q)
Next from(2.4),
( q )2k+2
Ji(P,Q) = Z l k=1,2,3,..
For k=1

Wi

36 WWW.Wjrr.org



q;

[1]

[2]

(3]

[4]

[5]
(6]

(7

World Journal of Research and Review (WJRR)
ISSN: 2455-3956, Volume-14, Issue-2, February 2022 Pages 33-37

(pi — )"
Ji (P Q) = Z e
pi—q; n itqi n (Pi—qp)?
= Ji(P,Q) =2 XL 1(1; +qq) i=1(2?;)' i=1p_?
Using(1.2)(1.4)and (1.5), we get
Ji(P,Q) = 2A(P,Q). HP, Q)X 2Q,P) ..
And Ji(P,Q) 2 4h(P,Q) -3 x2Q,P) .......(4.7)
«+2h(P,Q) < A(P,Q)
Ji(P,Q) 2V*(Q,P).7——~ - x*(Q,P) ....(4.8)

H(P Q)

#2V3(P,Q) <A (P Q)

V. CONCLUSIONS

..(4.6)

In this paper, we can find out different information divergence measures using properties of Csiszar’sf divergence and
convex function. Divergence measures give most important key results for information theory because of we can derive
different information divergence measures for different values of k. From the Figure(1), we get a steeper slope if value of

i < 0.5 for increasing values of k .
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