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New Inequalities Associated with the
Euler-Mascheroni Constant
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Abstract— In this paper we propose new sequence
approximating the Euler-Mascheroni constant which converge
faster towards its limit and we establish better bounds in
inequalities for the Euler constant.
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. INTRODUCTION

It is well known that the sequence
7 :1+£+...+£—In n, n>1,

2 n
is convergent to a limit denoted » = 0,5772 ... now known
as Euler-Mascheroni constant. Many authors have obtained
different estimations for y,, — y, for exemple the following

increasingly better
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The convergence of the sequence ¥, to ¥ is very slow. In
1993, DeTemple [4] studied a modified sequence which
converges faster and he proved:
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where R, :1+1+...+1—In(n+£).
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In 2010, Chen [3] proved that for all integers N > 1,

Rn_7

— = < <—
24(n+a)’ 24(n+b)?

with the best possible constants
L 3 —1=0,55106 ... and b:%.
\/24(—7/ +1-1In E)

In 1999, A. Vernescu [10] have found a fast convergent
sequence to ¥, by having the

idea to replace the last term of the harmonic sum.
proved that the sequence

a=

He
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X, =1+=4+..4——+—-—Inn, for n>2,is
2 n-1 2n

strictly increasing and convergent to y . Moreover,

<y—X, < nz2.
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Recently, Chen [3] obtained the following bounds for
V=X,

<y X <775, N=22,
12(n+a) 12(n+b)

with the best possible constants

a= 1 -1=0,038859 ... and b=0.

V127 -6
In 2015 Cringanu [4] obtained the following bounds for
Yy =X,
Forevery @ >0 thereexists N, e N, n, >2,such
that

1
5 <V =X, <, forall n, >2.
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Inspired by this result we consider the sequence

1
Yo =V — X, — 12 The tool for measuring the speed of

5 -
n
convergence is a result stated by Mortici [5] according to
which a sequence X, converging

to zero is the fastest possible when the difference Y, — Y,
is the fastest possible. More precisely, if there exists the

. . _ I
lim n“(y, —v_,) =1,then lim n“'y = _—— Recent
Nn—o0 n—oo k -1

results using this lemma were obtained for example in [2,
6-8].
In our case of Y, , we have
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and using a Mac-Laurin grovvth serie we get P
1 = (n) , where
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By the above result we obtain lim n4yn =L=—i, +(1045a° +2030a" +1210a" +175a-31)n" +
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Let K, =X, +— ! ,and so
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I|m n“(K, —y) = 20" +25a°(9a° +36a* +56a° +42a* +15a+2)n’ +
From this result we prove in this paper that for all +25a"(2a° +9a" +16a° +14a” +6a+1)n +
a > Othere exists N, € N such that forall n>n, we +5a°(a® +5a* +10a® +10a” + 5a +1).
have (i) If a=0then

1 —y 1 forall n>n_, P(n) =-5n® —20n" —31n°® —23n° -8n* —n® <0,

—— <K <
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- forall n>1, and then f is strictly decreasing.
using an elementary sequence method.

We have f(o0)=0andthen f(n)>0 forall n>1,so0

that (&, ), is strictly increasing. Since (a,) converges to

Il. THE MAIN RESULT zero it results that a, < O forall n>1, so that
Theorem 2.1. (i) For every integer N >1 we have K, —y< _, forall n >1.
K —y< ) 120n
n 120n*’ (i) If @a> 0 then there exists N, € N such that
(ii) For every @ > Othere exists N, € N such that P(n) >0 forall n>n, and then f is strictly increasing
1 <K, —y forall n>n on [n,,). Since f(o0) =0 it results that f (n) < O for
4 n = Mg
120(n + a) all n2n,, sothat (&,),.,, Isstrictly decreasing.
Proof. We define the sequence .
1 1 The sequence (&,) converges to zero and then it results
a, =K, —y-— =l ot — that @ >0 forall N>n,_, sothat
120(n+a)’ 2 n-1 n = Mas
1
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i n, i i .
for a>0, andso a,,, —a, = f (), where Now we find the constant N, in some particular cases

o _ 3
F(n) = i N Cin(n+1)+Inn+ 1 B For exemple, if a=0,03= m, then
2n 2n+2 12(n +1)?
1 1 1

B __ _ . P(n) = e _ 1549 e _ 619117n7 B
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The derivative of function f is equal to - 20000000 L 15625000 n- -

W=
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Let us remark that a direct calculus show that these

inequalities hold and for N =4, and then
1
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Now, if a=0,01= i then
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Let us remark that a direct calculus show that these
inequalities hold and for N €{12,1314,15,16}, and then

_ 1
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100

forall n>17.
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